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We construct generalized Hofstadter models that possess “color-entangled” flat bands and study
interacting many-body states in such bands. For a system with periodic boundary conditions and
appropriate interactions, there exist gapped states at certain filling factors for which the ground
state degeneracy depends on the number of unit cells along one particular direction. This puzzling
observation can be understood intuitively by mapping our model to a single-layer or a multi-layer
system for a given lattice configuration. We discuss the relation between these results and the previ-
ously proposed “topological nematic states”, in which lattice dislocations have non-Abelian braiding
statistics. Our study also provides a systematic way of stabilizing various fractional topological states
in C > 1 flat bands and provides some hints on how to realize such states in experiments.
Introduction — The topological structure of two-
dimensional space plays an fundamental role in under-
standing the quantum Hall effect [1, 2]. It was proved by
Thouless et. al. [3] that, for a system of non-interacting
electrons, the Hall conductance is proportional to the
Chern number C defined as the integral of Berry cur-
vature over the Brillouin zone (BZ) [4]. This clarifies
the topological origin of the integer quantum Hall effect
because the Landau levels generated in an uniform mag-
netic field all have C = 1. Haldane demonstrated sub-
sequently that an uniform external magnetic field is not
necessary by showing that a two-band model on honey-
comb lattice with suitable parameters can have C = ±1
bands [5]; such systems are now termed “Chern insu-
lators” [6–8]. When interactions between particles in a
partially filled Landau level are taken into account, frac-
tional quantum Hall (FQH) states can appear at certain
filling factors. For a sufficiently flat band with a nonzero
Chern number, fractional topological states may also be
realized for suitable interactions [9–29]. Many states in
C = 1 flat bands are shown to be adiabatically connected
to those in Landau levels [24–26], which provides a simple
way of characterizing their properties.
In constrast to a Landau level which has C = 1, a
topological flat band can have an arbitrary Chern num-
ber. This motivates one to ask what is the nature of the
fractional topological phases in C > 1 flat bands [30–34]
and whether it is possible to realize some states that may
not have analogs in conventional Landau levels. Ref. [35]
demonstrates that the incompressible ground states in
a C > 1 flat band at filling factor ν = 1/(C + 1)
[ν = 1/(2C + 1)] for bosons (fermions) can be inter-
preted as Halperin states [36] with special flux insertions
(i.e. boundary conditions) in some cases, but the nature
of other states remains unclear. Ref. [37] proposed that
some bilayer FQH states would have special properties if
they are realized in C = 2 systems and dubbed them as
“topological nematic states”, but numerical evidence for
such states has not been found. In this paper, we con-
struct generalized Hofstadter models and demonstrate
that there are interacting systems whose ground state
degeneracy (GSD) depends on the number of unit cells
along one direction. It is found that our models can be
mapped either to a single-layer or to a multi-layer quan-
tum Hall system depending on the lattice configuration,
which provides a simple physical picture that helps us to
understand the puzzling properties of C > 1 flat bands.
The change of GSD is one signature of the topological
nematic states [37], but there are other subtle issues, e.g.
qualitative differences between bosons and fermions and
the nature of the symmetry reduction, which we explain
using our models.
Color-Entangled Hofstadter Models — We construct
flat bands with arbitrary Chern numbers by general-
izing the Hofstadter model [38–42] using the generic
scheme of Ref. [32]. As shown in Fig 1 (a), the Hofs-
tadter model describes particles in both a uniform mag-
netic field and a periodic potential. The tight-binding
Hamiltonian for the model on a square lattice is H =∑
ij tije
iθij â†i âj + H.c., where θij is the phase associated
with the hopping from site j to i [38], â†i is the creation
operator on site i and H.c. means Hermitian conjugate. If
the magnetic flux per plaquette is 2pi/nφ with nφ being an
integer, translational symmetry is preserved on the scale
of magnetic unit cell which contains nφ plaquettes. The
momentum space Hamiltonian is H(k) = Ψ†(k)HΨ(k),
where Ψ†(k) = [â†0(k), â
†
1(k), · · · , â†nφ−1(k)] and the sub-
script of â† marks different sites within a magnetic unit
cell. H(k) is a nφ×nφ matrix whose non-zero matrix ele-
ments are Hmm(k) = 2 cos(ky+2mpi/nφ) and Hmn(k) =
H∗nm(k) = exp(ikx/nφ) for n = (m + 1) mod nφ. The
nφ →∞ limit recovers the continuous limit in which Lan-
dau levels arise. One important advantage of starting
from the Hofstadter model is that the Berry curvature
of the lowest band can be made uniform over the en-
tire BZ. This is desirable because a nonuniformity in the
Berry curvature usually tends to weaken or even destroy
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FIG. 1. (color online) In panel (a), we give an example of
Hofstadter lattice with nφ = 4 that are used in panels (b)
and (c). The indices of orbitals in a magnetic unit cell are
shown in parentheses and the numbers on the bonds indicate
the phases of the complex hopping amplitudes along the y
direction in units of pi. In panel (b), a bilayer Hofstadter
model is obtained by stacking the two layers together. In
panel (c), the two Hofstadter layers are shifted relative to
each other and then stacked together. The method used in
panel (c) gives a color-entangled Hofstadter model in which
the size of the magnetic unit cell is reduced by a factor of two
and the lowest band has C = 2. There are two orbitals on
each lattice site (colored in red and blue) for both models and
their indices are given in parentheses.
incompressible states [24].
We next stack two identical Hofstadter lattices to-
gether in two different ways. In Fig. 1 (b), the same
orbitals in different layers are aligned together, which re-
sults in a conventional bilayer quantum Hall system. In
Fig. 1 (c), the m-th orbital in one layer is aligned with the
(m+nφ/2)-th orbital in the other layer. The latter stack-
ing pattern reduces the size of the magnetic unit cell by
half [32], so the model shown in Fig 1 (c) possess a single
lowest band with C = 2 instead of having two degener-
ate C = 1 bands. It should be emphasized that these
two systems are equivalent insofar as the behavior of the
bulk is concerned, since they correspond to two different
gauge choices. However, as shown below, they behave dif-
ferently when periodic boundary conditions (PBCs) are
imposed because PBCs are not invariant under a change
of gauge. In general, one can get a band with an ar-
bitrary Chern number C by stacking C layers of Hof-
stadter lattices and aligning the orbitals labeled by m,
m + nφ/C, · · · , and m + (C − 1)nφ/C in different lay-
ers (where m ∈ [0, 1, · · · , nφ/C − 1]). The momentum
space Hamiltonian is very similar to the single-layer Hof-
stadter model, except that the off-diagonal term Hmn(k)
is replaced by exp(ikxC/nφ). A detailed comparison re-
vealing the similarity of the “color-entangled Bloch ba-
sis” [35] and our models is given in Appendix A, which
suggests that our models, as well as those constructed in
Ref. [32], can be referred to as “color-entangled” topo-
logical flat band models.
Interacting Many Body Systems — The differences be-
tween a bilayer Hofstadter model and a C = 2 color-
entangled Hofstadter model become transparent when
one studies interacting many body systems. We consider
N particles on a periodic lattice with Nx and Ny mag-
netic unit cells along the x and y directions. The total
number of plaquettes (to be distinguished with the num-
bers of magnetic unit cells) along the x and y directions
are denoted as Lx and Ly, respectively. The magnetic
unit cell is always chosen to contain only one plaquette
in the y direction so we have Ly = Ny. It was proposed
in Ref. [37] that the following bilayer quantum Hall wave
functions
ΨB({z1}, {z2}) = Φ p
p+1
({z1})Φ p
p+1
({z2}) (1)
ΨF ({z1}, {z2}) =
∏
i<j
(z1i − z1j )3
∏
i<j
(z2i − z2j )3
×
∏
i,j
(z1i − z2j ) (2)
are topological nematic states in C = 2 bands, where
z = x+ iy is the complex coordinate and its superscript
indicates the layer it resides in. Eq. (1) describes bosonic
systems with two decoupled layers and Eq. (2) is the
Halperin 331 state [36] for fermions. The value of p is
chosen to be 1 or 2 and the associated wave functions are
the Laughlin 1/2 state Φ1/2({zα}) and the Jain 2/3 state
Φ2/3({zα}) (they are the bosonic analogs of the Laughlin
1/3 state [43] and the Jain 2/5 state [44] for fermions).
When the states represented by Eq. (1) and Eq. (2) are
realized on a torus with PBCs, the GSDs are (p+1)2 and
8 respectively [45, 46].
The wave functions Eq. (1) and Eq. (2) can be re-
alized in a bilayer Landau level system in continuum
when intra-layer interaction is stronger than inter-layer
interaction. This motivates us to study the Hamiltoni-
ans HB =
∑
i
∑
σ U
B
σσ : n̂i(σ)n̂i(σ) : +
∑
i
∑
σ 6=τ V
B
στ :
n̂i(σ)n̂i(τ) : and HF =
∑
〈ij〉
∑
σ U
F
σσ : n̂i(σ)n̂j(σ) :
+
∑
i
∑
σ 6=τ V
F
στ : n̂i(σ)n̂i(τ) :, where : · · · : enforces nor-
mal ordering, n̂i(σ) is the number operator for particle of
color σ on site i, and 〈ij〉 denotes nearest neighbors. The
parameters are chosen as UBσσ = 1, V
B
στ = 0.03, U
F
σσ = 1
and V Fστ = 0.5. In other words, we use intra-color onsite
interactions for bosonic systems (with a small perturba-
tion given by the V Bστ terms [47]) and both intra-color
NN and inter-color onsite interactions for fermionic sys-
tems. The eigenstates of these Hamiltonians are labeled
by their momenta Kx and Ky along the two directions.
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FIG. 2. Energy spectra of bosons on the C = 2 model at filling
factors 1/2 [(a) and (b)] and 2/3 [(c) and (d)]. The system
parameters are given in square brackets as [N,Nx, Ny, Lx].
The numbers above some energy levels indicate degeneracies
that may not be resolved by inspection.
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FIG. 3. Energy spectra of fermions on the C = 2 model at
filling factor 1/4. The system parameters are given in square
brackets as [N,Nx, Ny, Lx]. The numbers above some energy
levels indicate degeneracies that may not be resolved by in-
spection.
The many-body Hamiltonians are projected into the par-
tially occupied lowest band(s) [10] and the filling factor
is defined as ν = N/(MNxNy), where M is the number
of bands that are kept in the projection (i.e., M = 2
for the bilayer Hofstadter model and M = 1 for the
C = 2 color-entangled Hofstadter model). This means
that Eq. (1) and Eq. (2) have filling factors p/(p+1) and
1/4 respectively.
The number of plaquettes in the x direction for given
Nx and Ny values is chosen to ensure that this system
is close to isotropic (i.e. has aspect ratio close to 1).
As the size of the unit cell increases, the wave function
of a particle spreads over a larger area and the interac-
tion between two particles becomes weaker. To compare
systems with different nφ, we normalize the energy scale
using the total energy of two particles in a system with
Nx = 1 and Ny = 1 (Nx = 1 and Ny = 2) for bosons
(fermions).
The GSDs of Eq. (1) and Eq. (2) given above were de-
rived using the continuum wave functions, but we have
found that they are still valid for bosonic systems with
Hamiltonian HB and fermionic systems with Hamilton-
ain HF in the bilayer Hofstadter model. The results in
the C = 2 color-entangled Hofstadter model are very
different as presented in Fig. 2 and Fig. 3. The special
feature of the C = 2 systems is that the GSD depends on
Nx and it only agrees with the result in the bilayer Hofs-
tadter model when Nx is even. For bosonic systems, the
GSD at 1/2 is 2 if Nx is odd and 4 if Nx is even; the GSD
at 2/3 is 3 if Nx is odd and 9 if Nx is even. The gaps of
the bosonic states survive in the presence of small inter-
color onsite interaction V Bστ but disappear if V
B
στ becomes
comparable to UBστ . The phase boundary can not be de-
termined precisely because a reliable finite-size scaling is
difficult here. For fermionic systems, the GSD is 4 for
Nx = 1 and 8 for Nx = 2. The quasi-degenerate ground
states have a more prounced splitting than the bosonic
cases. The gaps become less clear for larger Nx and there
is no well-defined set of quasi-degenerate ground states
when N = 8, Nx = 4, Ny = 8, and Lx = 16.
Boundary Conditions, Topology, and Symmetry — The
key to understanding the physics of a C = 2 band is that
it may have two fundamentally distinct topologies deter-
mined by the parity of Nx. As illustrated in Fig. 4, this
originates from the twisted hoppings along the x direc-
tion at the boundary between two magnetic unit cells
(i.e. the color index of a particle is flipped). For odd
Nx [Fig. 4 (a)], it can be unfolded to produce a single
Hofstadter layer with C = 1 by tracking the black lines
which represent hopping terms along the x direction. For
even Nx [Fig. 4 (b)], it contains two decoupled Hofstadter
layers each having C = 1. This mapping is sufficient to
explain why the GSD change in the bosonic systems: a
single-layer p/(p+ 1) state with GSD p+ 1 is realized for
odd Nx, while two decoupled p/(p+ 1) states with GSD
(p + 1)2 appear when Nx is even. The fermionic case is
more complicated, but it was argued that the GSD of the
Halperin 331 state in a C = 2 band is 8 when Nx is even
and 4 if Nx is odd [37].
The fact that the unfolding of the model depends only
on the parity of Nx but not of Ny signifies a reduction
of rotational symmetry. However, in our systems the
C4 symmetry is not broken spontaneously, as in previ-
ously studied nematic states [48, 49], but results from
the model Hamiltonian itself through boundary condi-
tions. To gain insight into this issue, we note that the
simple square lattice Hofstadter model has four-fold rota-
tional symmetry C4 (up to gauge transformations) even
though a magnetic unit cell usually has only two-fold
rotational symmetry C2. This conclusion is valid when
the system contains an integral number of magnetic unit
cells, which is also satisfied automatically for a Hofstadter
mutli-layer. In contrast, since the unit cell of the color-
entangled C = 2 Hofstadter model is half as large as the
original magnetic unit cell, the C4 symmetry of the par-
ent Hofstadter model is inherited only when Nx is even,
but is reduced to C2 symmetry for odd Nx.
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FIG. 4. (color online) This figure shows a slice of the C = 2
model constructed in Fig. 1 but the two orbitals are plotted
separately for clarity. In panels (a) and (b), the unit cells
are labeled by Roman numbers and the black lines represent
the hopping terms along the x direction. When Nx is odd
in (a) [even in (b)], this model maps into a single-layer (bi-
layer) system. The hopping terms along the y direction do
not change this mapping. Panel (c) shows certain interaction
terms: 1. intra-color onsite term; 2. inter-color onsite term;
3. intra-color NN term within one unit cell; 4. intra-color
NN term across the boundary of a unit cell; 5. inter-color NN
term within one unit cell; 6. inter-color NN term across the
boundary of a unit cell.
Although the GSDs of bosonic systems confirm the the-
oretical predictions, the fermionic 331 state seems less
stable. This puzzle is resolved when we analyze the 2-
body interaction terms shown in Fig. 4 (c), which also
have different effects depending on the parity of Nx. For
both even and odd Nx, the term (1) in Fig. 4 (c) is still
an onsite term and both (3) and (6) turn out to be intra-
layer nearest neighbor (NN) terms. If Nx is even, (2), (4)
and (5) become, respectively, an inter-layer onsite term,
an inter-layer NN term, and an inter-layer NN term. On
the other hand, when Nx is odd, (2), (4) and (5) all
result in interactions, in the single unfolded layer, that
extend over a range comparable to the system size. In a
fermionic system with even Nx, the intra-color NN terms
across boundaries between unit cells turn into inter-layer
NN terms when the model is mapped to a bilayer system,
which is expected to weaken or destroy the 331 state. If
one carefully design the Hamiltonian to make sure that
it contains no inter-layer NN terms after mapping into a
bilayer system, then one can get a 331 state with a clear
gap [50]. In Appendix B, we discuss the nature of the
gapped ground states observed in previous works [14, 31–
34] in light of these observations. In Appendix C, we dis-
cuss a subtle issue in the square lattice C = 2 model [32]
and explain how to observe the change of GSD in this
model.
How relevant is the above analysis using PBCs for real
physical systems with open boundaries? The topology of
a lattice is determined by Nx because the hoppings along
the x direction at each boundary between two magnetic
unit cells flip the color indices of particles. It was pro-
posed that edge dislocations have a similar effect [37] and
they have projective non-Abelian braiding statistics [51]:
there are multiple degenerate states given a fixed config-
uration of dislocations; an exchange of two dislocations
results in a unitary evolution in this degenerate space;
two such exchanges may not commute with each other;
the overall phases of the braiding operations are unde-
termined. These exotic properties may be demonstrated
in tunneling and interferometric measurements [52]. The
physics of defects in various topological phases have also
been studied [53–56].
We finally briefly mention possible experimental re-
alizations of the fractional topological phases studied
above. A variety of proposals for creating synthetic gauge
fields for cold atoms have been studied [57, 58] and the
complex hoppings in the standard Hofstadter model have
been successfully implemented [59, 60]. The feasibility of
simulating topological phases using photons has also been
investigated [61–68]. The standard Hofstadter model and
its time-reversal symmetric variant have been demon-
strated for non-interacting photons [69–72]. In view of
these achievements and following similar lines of thought,
we discuss how color-entangled Hofstadter models with
C > 1 bands may be realized in Appendix D.
In conclusion, we have constructed color-entangled
Hofstadter models with arbitrary Chern numbers and
demonstrated the existence of fractional topological
phases in such systems by extensive exact diagonaliza-
tion studies. The models we use help to clarify many
aspects of topological flat bands with C > 1 in a physi-
cally intuitive manner.
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7Appendix A. Color-Entangled Bloch Basis and Hofstadter Model
We first briefly review the color-entangled Bloch basis for Landau levels [35]. The unit vectors along the x and
y directions are denoted as êx and êy. We consider a torus defined by vectors L1 = L1êv and L2 = L2êy with
êv = sin θêx + cos θêy. The magnetic field B along the z direction is generated by the Landau gauge vector potential
A(r) = Bxêy. The magnetic translation operator is T (a) = e
−iK·a with K = −i~∇ − eA + eB × r. To satisfy
periodic boundary conditions T (Lα) = 1, the number of magnetic flux through the torus has to be an integer
Nφ = L1L2 sin θ/(2pi`
2
B). The lowest Landau level wave functions have the form
〈r|j〉 = 1
(
√
piL2`B)1/2
Z∑
n
exp
[
2pi(j + nNφ)
x+ iy
L2
− ipiL1e
−iθ
NφL2
(j + nNφ)
2
]
e−x
2/(2`2B) (S1)
with index j ∈ [0, 1, · · · , Nφ − 1]. For a pair of integers Nx and Ny satisfying Nφ = NxNy, we can construct Bloch
basis states
|kx, ky〉 = 1√
Nx
Nx−1∑
m=0
ei2pimkx/Nx |j = mNy + ky〉 (S2)
with indices kx ∈ [0, 1, · · · , Nx − 1] and ky ∈ [0, 1, · · · , Ny − 1], which are eigenstates of translation operators Tx =
T (L1/Nx) and Ty = T (L2/Ny).
To construct basis states for multi-component Landau levels, whose internal degree of freedom is dubbed as color,
we introduce two color operators P and Q that act on a color eigenstate |s〉 as follows
P |s〉 = |s+ 1 (mod C)〉 Q|s〉 = ei2pis/C |s〉 (S3)
This means that P flips the color index and Q imprints a phase according to the color index. We entangle translation
in real space and rotation in the internal color space using two commuting operators T˜x = TxP and T˜y = TyQ. The
basis states can be chosen as
〈r, s|kx, ky〉 = 1
(
√
piNxL2`B)1/2
Z∑
n
ei2pi(nC+s)kx/Nxe−x
2/(2`2B)
× exp
[
2pi
(
ky + nNy +
s
C
Ny
) x+ iy
L2
− ipiL1e
−iθ
NφL2
(
ky + nNy +
s
C
Ny
)2 ]
(S4)
with Nφ = NxNy/C and s ∈ [0, 1, · · · , C − 1], which satisfy T˜α|kx, ky〉 = exp(−i2pikα/Nα)|kx, ky〉. The color-
entangled boundary conditions T˜Nαα = 1 impose the constraints kα ∈ Z so the primiary region can be chosen as
kx ∈ [0, 1, · · · , Nx − 1] and ky ∈ [0, 1, · · · , Ny − 1].
We now demonstrate that the Bloch basis discussed above is closely related to the generalized Hofstadter models
using the four band C = 2 model shown in Fig. 1 as an example. The moment space single-particle Hamiltonian is
H(k) = Ψ†(k)

2 cos(ky) e
ikx/2 0 e−ikx/2
e−ikx/2 2 cos(ky + pi/2) eikx/2 0
0 e−ikx/2 2 cos(ky + pi) eikx/2
eikx/2 0 e−ikx/2 2 cos(ky + 3pi/2)
Ψ(k) (S5)
where Ψ†(k) = [a†0(k), a
†
1(k), a
†
2(k), a
†
3(k)]. It can be rewritten as
H(k) = Ψ†02(k)e
iky
(
1 0
0 eipi
)
Ψ02(k) + Ψ
†
13(k)e
iky
(
eipi/2 0
0 ei3pi/2
)
Ψ13(k)
+ Ψ†02(k)e
ikx/2
(
1 0
0 1
)
Ψ13(k) + Ψ
†
13(k)e
ikx/2
(
0 1
1 0
)
Ψ02(k) + H. c. (S6)
where Ψ†02 = (a
†
0, a
†
2) and Ψ
†
13 = (a
†
1, a
†
3). On the right hand side of Eq. (S6), the first two terms describe hopping
in the y direction, where the second component always has an additional pi phase relative to the first; the third
term originates from hopping in the x direction within a unit cell; the fourth term comes from hopping in the x
direction across a boundary separating adjacent unit cells. The color index is flipped when the particle hops across
the boundary, as the hopping matrix connecting Ψ†13 and Ψ02 is off-diagonal. These effects are the same as the
color-entangled boundary conditions discussed above.
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FIG. S1. (color online) Square lattice two-orbital model with Chern number C = 2. The red and blue colors on each site
represent the two orbitals.
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FIG. S2. Ground state energy spectra of bosons on the square lattice C = 2 model at filling factor ν = 1/2. (a) N = 10,
Nx = 5, Ny = 4; (b) N = 10, Nx = 4, Ny = 5.
Appendix B. Ground States at ν = 1/(C + 1) and ν = 1/(2C + 1)
For certain color-independent Hamiltonians and the C-color Bloch basis, zero energy ground state occur at filling
factor ν = 1/(C + 1) [ν = 1/(C + 1)] for bosons (fermions) [35]. These states correspond to color-dependent flux
inserted version of the Halperin states [35, 36] when Nx is a multiple of C (i.e. in the cases where the Bloch basis can
be mapped to a multi-layer system). We have confirmed that these FQH states also appear in our color-entangled
Hofstadter models with Chern number C by using the Hamiltonian
H˜B =
∑
i
∑
σ
: ni(σ)ni(σ) : +
∑
i
∑
σ 6=τ
: ni(σ)ni(τ) : (S7)
for bosons and the Hamiltonian
H˜F =
∑
〈ij〉
∑
σ
: ni(σ)nj(σ) : +
∑
i
∑
σ 6=τ
: ni(σ)ni(τ) : +
∑
〈ij〉
∑
σ 6=τ
: ni(σ)nj(τ) : (S8)
for fermions. The energy spectra as well as particle entanglement spectra match the results obtained using color-
entangled Bloch basis.
Based on our analysis in the main text and the previous section, the C-color Hofstadter model or Bloch basis can be
mapped to a single layer if Nx is not a multiple of C, but the nature of the gapped states here is unclear. As shown in
Fig. 2, some local interaction terms in Eq. (S7) and Eq. (S8) induce special long-range correlations when the system is
unfolded to a single layer, but their exact forms in the continnum are not known without analytical calculations. To
test this interpretation more explicitly, we have tested many different Hamiltonians for particles in a one-component
Landau level on torus and found that some choices of system-dependent unnatural long-range interactions (in addition
to short-range ones) indeed produce gapped ground states at filling factor 1/3 (1/5) for bosons (fermions).
Appendix C. Square Lattice C = 2 Model
Here we generalize our considerations to the square lattice C = 2 model [32], which can be obtained by stacking
two checkerboard lattices together and shift them relative to each other along the ax direction defined in Fig. S1.
9FIG. S3. Schematics of the standard Hofstadter model and the color-entangled Hofstadter model implemented using circuit
quantum electrodynamics components. The basic elements of the systems are shown in panel (a). The left part is an LCJ
circuit consists of one inductor, one capacitor, and one Josephson junction. The right part is a SQUID made of two Josephson
junctions and controlled by an external flux. The standard Hofstadter model can be realized using the circuit shown in panel
(b). There is one LCJ circuit on each lattice site and they are connected to each other with suitably chosen SQUIDs which
provide the necessary complex hoppings. The color-entangled Hofstadter model can be realized as shown in panel (c). To get
a C = 2 band, one can put two LCJ circuits (which are represented using red and blue colors respectively) on each lattice sites
and connect them to each other according to the Hamiltonian presented in the main text. There are only intra-color hoppings
along the x direction within unit cells. The hoppings along the x direction across boundaries between two unit cells are twisted,
i.e., from red (blue) to blue (red). There are only intra-color hoppings along the y direction. The phase of the blue to blue
hopping on a bond is pi more than the phase of the red to red hopping along the bond. The numbers in panels (b) and (c) are
defined in the same way as in Fig. 1 of the main text.
The checkerboard lattice model [7] contains two orbitals per unit cell and there are NN, next NN and second next
NN hopping terms. The NN hopping terms connect the two types of orbitals and this brings out certain additional
subtleties. For the usual choice of the primitive translation vectors ax and ay (Fig. S1), the hoppings along both
these directions are associated with changes of color index. A system is mapped to a single layer when one of Nx and
Ny is odd, and two decoupled layers when both are even. Insight into the physics of this model is given by choosing
instead ax and a˜y to define the unit cell. In this case, the color index of a particle does not change during hopping
along the a˜y direction, and a system may be mapped to a single layer or two layers depending only on the parity of
Nx. The momentum space single-particle Hamiltonian in this case is
HS = 2t3 [cos(2kx) + cos(2ky − 2kx)] I+
√
2t1 [cos(kx) + cos(ky − kx)]σx
−
√
2t1 [cos(kx)− cos(ky − kx)]σy − 4t2 sin(kx) sin(ky − kx)σz (S9)
where t1 = 1, t2 = 1/(2 +
√
2) and t3 = 1/(2
√
2 + 2). I is the identity matrix and σx,y,z are the Pauli matrices. This
Hamiltonian is different from the one given in Ref. [32], because we are using different lattice translation vectors. We
use 2-body onsite interaction given by HS =
∑
i : ni(A)ni(A) +ni(B)ni(B) + 0.06ni(A)ni(B) : (the small interaction
between A and B is used to split some degeneracies and increase the speed of exact diagonalization). The energy
spectra of bosons on this model are shown in Fig. S2. We see that the GSD is 2 when Nx = 5 and 4 when Nx = 4,
which can be understood along the same lines as for the models discussed in the main text.
Appendix D. Toward Experimental Realization
In this section, we present more details regarding the two experimental systems in which the bosonic fractional
topological phases studied in the main text might be realized. To get bosonic fractional topological phases in the
standard Hofstadter model and its variants, there are two essential ingredients that need to be implemented. The
first one is complex hopping amplitudes with phases determined by the magnetic field. The second one is that the
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particles should interact with each other. For the phases of our interest, intra-color onsite interaction is desirable and
inter-color onsite interaction should be minimized.
The complex hoppings required for the standard Hofstadter model have been realized in atomic systems using
laser-assisted tunneling in optical lattices [59, 60]. To find an experimental protocol for realizing the color-entangled
Hofstadter model using cold atoms, we note that in this model a particle may acquire a phase as well as rotate in
the internal color space when it hops between two lattice sites. This is a special form of spin-orbit coupling which
can in principle be generated if the particles are coupled to suitable non-Abelian gauge fields. By transforming the
momentum space Hamiltonian back to real space
Ψ†(mn)eiA
mn
x Ψ(m+ 1, n) + Ψ†(mn)eiA
mn
y Ψ(m,n+ 1) + H.c. (S10)
one can see what are the necessary gauge fields Amnx,y . One may extract the Chern number of a system in an optical
lattice [75–77] to demonstrate that a topologically non-trivial model has been realized. It is a good approximation to
consider only onsite interaction for bosons in optical lattices. The tunability of interaction in atomic systems [73, 74]
may allow us to minimize the inter-color interaction to stabilize the fractional topological phases. One may also devise
some methods to directly measure the braiding statistics following the proposals presented in other contexts [78–80].
We still use the four band C = 2 model shown in Fig. 1 as an example. It is easy to check that one would obtain
very unnatural gauge fields Amnx,y when using the original Hamiltonian Eq. (S6), so we want to change it to another
form which gives more realistic gauge fields Amnx,y . Using gauge transformations Ψ02 → U0Ψ02 and Ψ13 → U1Ψ13,
where U0 = exp[iφ(1− σx)] and U1 = exp[iθ(1− σx)] induce rotations in the internal color space along the x axis, we
can change the Hamiltonian to
Ψ†02(k)e
iky
(
cos(2φ) −i sin(2φ)
i sin(2φ) − cos(2φ)
)
Ψ02(k) + Ψ
†
13(k)e
i(ky+pi/2)
(
cos(2θ) −i sin(2θ)
i sin(2θ) − cos(2θ)
)
Ψ13(k)
+Ψ†02(k)e
ikx/2ei(θ−φ)
(
cos(θ − φ) −i sin(θ − φ)
−i sin(θ − φ) cos(θ − φ)
)
Ψ13(k)
+Ψ†13(k)e
ikx/2ei(pi/2−θ+φ)
(
cos(pi/2− θ + φ) −i sin(pi/2− θ + φ)
−i sin(pi/2− θ + φ) cos(pi/2− θ + φ)
)
Ψ02(k) + H.c. (S11)
By choosing φ = 0 and θ = pi/4, we get
Ψ†02(k)e
iky
(
1 0
0 −1
)
Ψ02(k) + Ψ
†
13(k)e
i(ky+pi/2)
(
0 −i
i 0
)
Ψ13(k)
+Ψ†02(k)e
i(kx/2+pi/4)
(
cos(pi/4) −i sin(pi/4)
−i sin(pi/4) cos(pi/4)
)
Ψ13(k)
+Ψ†13(k)e
i(kx/2+pi/4)
(
cos(pi/4) −i sin(pi/4)
−i sin(pi/4) cos(pi/4)
)
Ψ02(k) + H.c. (S12)
which means that
Amnx = e
ipi/4
(
cos(pi/4) −i sin(pi/4)
−i sin(pi/4) − cos(pi/4)
)
Amny = e
impi/2
(
cos(mpi/2) −i sin(mpi/2)
i sin(mpi/2) − cos(mpi/2)
)
(S13)
If this method were to be realized in experiments, we need to facilitate rotations in the internal color space when a
particle hops in both the x and y directions. It can be simplified if we start from a slightly different Hamiltonian
Ψ†02(k)e
iky
(
0 1
1 0
)
Ψ02(k) + Ψ
†
13(k)e
i(ky+pi/2)
(
0 1
1 0
)
Ψ13(k)
+Ψ†02(k)e
ikx/2
(
1 0
0 1
)
Ψ13(k) + Ψ
†
13(k)e
ikx/2
(
1 0
0 −1
)
Ψ02(k) + H.c. (S14)
This Hamiltonian is equivalent to the color-entangled Bloch basis if the P and Q operators are exchanged in the
construction. Using gauge transformations U0 = exp(−iφσy) and U1 = exp(−iθσy), this Hamiltonian is changed to
Ψ†02(k)e
iky
(
0 eiφ
e−iφ 0
)
Ψ02(k) + Ψ
†
13(k)e
i(ky+pi/2)
(
0 eiθ
e−iθ 0
)
Ψ13(k)
+Ψ†02(k)e
ikx/2
(
1 0
0 ei(θ−φ)
)
Ψ13(k) + Ψ
†
13(k)e
ikx/2
(
1 0
0 ei(pi−θ+φ)
)
Ψ02(k) + H.c. (S15)
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By choosing φ = 0 and θ = pi/2, we have
Amnx =
(
0 eimpi
1 0
)
Amny =
(
1 0
0 i
)
(S16)
and a particle only rotates in the internal color space when it hops along the x direction.
We now discuss how the fractional topological states of our interest might be generated using photons. It was
proposed in Ref. [67] that the standard Hofstadter model can be realized in a circuit quantum electrodynamics system
and the photonic excitations in such a system may form fractional quantum Hall states. The proposal we present here
is largely motivated by this work so we first explain the system proposed in Ref. [67] as shown in panel (b) of Fig. S3.
There is one set of LCJ circuit made of one inductor, one capacitor, and one Josephson junction on each lattice site.
The LCJ circuit can be described using the following Hamiltonian [81]
HLCJ =
φ2
2L
+
Q2
2C
− EJ cos
(
φ+ α
φs
)
(S17)
where φ is the node flux, L is the inductance, Q is the node charge, C is the capacitance, EJ is the Josephson
energy, α is the external flux through the Josephson junction, and φs = ~/2e is the reduced flux quantum. The three
terms in this Hamiltonian represent the shunted inductive energy, the electron charging energy, and the Josephson
energy with characteristic scales EL = φ
2
s/2L, Ec = e
2/2C, and EJ , respectively. In the transmon regime with
EL ∼ EJ  Ec [82], the Hamiltonian can be reduced to
HLCJ = ~ωa†a+ V2a†a†aa+ higher order terms (S18)
where a is the annihilation operator for photonic excitations in the circuit, ω is the resonant frequency determining
the single-particle energy scale, and V2 characterizes the strength of the two-body photon-photon interaction. The
higher order terms contain three-body and other multi-particle interactions between photons, which may be exploited
for realizing some fractional topological states but are not needed for our discussion here. The frequencies on the
lattice sites should be set appropriately to form a staggered pattern. The LCJ circuits are coupled to each other using
superconducting quantum interference devices (SQUIDs) to implement complex hoppings between the lattice sites.
The SQUID between the lattice sites labeled by i and j has an inductance that can be controlled using an external
microwave flux φ(t) = δφ cos(∆ijt+ θij). The coefficient δφ is chosen to be much smaller than 1 and the microwave
pump frequency ∆ij is tuned to be the same as the difference between the resonant frequencies ωi and ωj . When
one changes to the rotating frame and adopt the rotating wave approximation, the lattice sites labeled by i and j is
connected by the hopping term a†iaje
iθij+H.c..
The advantage of this approach is that two lattice sites can be connected on demand and the hopping phase between
them can be tuned using the SQUID. This motivates us to construct the system shown in panel (c) of Fig. S3 to
realize the color-entangled Hofstadter model with C = 2 band. There are two sets of LCJ circuit on each lattice
sites (which we label as red and blue as in the main text) and they are connected to their neighbors as required by
the Hamiltonian of the color-entangled Hofstadter model. For the hoppings along the y direction on any bond, the
phase between two blue circuits is pi more than the phase between two red circuits. It is also possible to apply regular
hoppings [from red (blue) sites to red (blue) sites] within unit cells and twisted hoppings [from red (blue) sites to blue
(red) sites] at the boundaries between two unit cells. There only exist interaction between two photons that are in
the same LCJ circuit so the many-body Hamiltonian have only intra-color onsite interaction, which is desirable for
stabilizing the bosonic fractional topological phases of interest.
